The possibility of setting pk = 0, k>0, for large values of t will depend on whether </>(/) admits an asymptotic expansion along the positive real axis. The region of definition of 4>{t) as well as the possibility of its expansion by the transformation (11) may be inferred from general theorems in the theory of divergent series*. With due regard to the distribution of the singularities of f(p), (6) and (11) may be used when f(p) is expanded in a two-way Laurent series. The writer has established the existencej of the real, nondegenerate, completely symmetric, self-dual, elliptic curves of order Ak + 2, and has indicated an extremely simple plan of sketching the loci approximately. In pursuing the program there indicated, we now establish the existence of completely symmetric rational self-dual curves of order 2& + 1, and indicate the corresponding easy mode of sketching them approximately. These loci also are invariant under 4& + 2 collineations and 4&+2 correlations of which 2& + 1 are polarities by real rectangular hyperbolas and one a polarity by an imaginary circle. Moreover, the (2& + 1) 2 foci have an interesting distribution and admit rather easy determination. In conclusion, the equations in Cartesian coordinates of the curves of the lowest three orders, 5, 7, and 9, are listed, together with a sketch of the 9-ic depicting all singular elements, real foci, and real autopolarizing conies. In a subsequent paper the elliptic and rational self-dual completely symmetric curves of orders 4k, 2& + 1, and 4tk, 4& + 2, respectively, are to be exhibited, therewith terminating the present discussion. PI ticker's formulas show that the self-dual, rational curve of order 2& + 1 has 2k -1 cusps. In the present treatment, as in the elliptic case, we let these 2&-1 cusps be distributed at equal intervals about the unit circle. Moreover, let the cuspidal tangents be concurrent at the center of the circle, namely at the point (0, 0, 1) of a homogeneous rectangular coordinate system. Let these cuspidal tangents be axes of symmetry, and assume the locus to be invariant under rotations about (0, 0, 1) through angles of 2irtn/(2k -1), (m = l, 2, • • • , 2k -2). As an immediate consequence of this last assumption, we see that the (k -1)(2& -1) nodes must lie by (k -l)'s on each of these 2& -1 cuspidal tangents.
The most general equation of order 2& + 1 in homogeneous rectangular coordinates is of the form If we set 0 = 0, the form $ -$' must not contain any odd powers * of p except 2fe + l and 2k -1. Factoring, we obtain $ -$' in the form
The condition that the specified odd powers of p vanish yields = 0. But since y occurs only with even powers in the equation $ = 0, the locus 4> = 0 is also invariant under polarization with respect to the rectangular hyperbola (2k -l)(x 2 -y 2 ) ±Bz 2 = 0, and hence, by symmetry, also with respect to the rectangular hyperbolas symmetrically placed with reference to the other cuspidal tangents, namely, 2& -1 hyperbolas in all. Combining one of these polarities with a reflexion about each of the 2& -1 cuspidal tangents (axes of symmetry) yields 2& -2 correlations, which are not polarities, and the polarity with respect to the imaginary circle. The products of any correlation by all the correlations are the 2(2£ -1) collineations. They may be represented explicitly as follows.
COLLINEATIONS
x = x cos 2wm/(2k -1) + y sin 2Ttn/(2k -1),
[Throughout, + attaches to B if k is even, -if k is odd.]
The form of the locus is apparent from the following considerations. Since there are as many inflexions (all at infinity) as there are cusps, each arm of each cusp can cut an arm of another cusp no more than once. Each of the 2& -1 arms extending from cusp to cusp can intersect 2& -2 others only in 2k -4 points in addition to the two cusps; that is, in (2k -l)(k -2) nodes, which, by symmetry, must be distributed equally on the 2k -1 cuspidal tangents; hence k -2 nodes are on each cuspidal tangent, whereas there should be k -1. Therefore one node on each cuspidal tangent must be an acnode, and must lie within the unit circle; otherwise the circle passing through them would cut the locus in Sk -4 points, whereas there can be at most 2(2&+l) intersections of a (2& + l)-ic with a circle. For the same reason no acnodes may lie outside the unit circle, hence all nodes outside the unit circle are crunodes. This maximum number fe -2 is possible only if each arm joining two cusps cuts both arms of all the other cusps; that is, the arms of adjacent cusps unite at an inflexion at infinity. Accordingly we may make the following statement. Since these loci are of order 2£ +1 and have (2k -l)-fold rotational symmetry, they all pass through the circular points at infinity. Moreover, the (2& + 1) 2 foci are distributed as follows. There are one real and 2k distinct imaginary foci on each cuspidal tangent, namely,
There are also two real and two imaginary foci coincident at the origin, (0, 0, 1). The other imaginary foci occur in coincident pairs at the points !: -ir[2k -l] ) to satisfy the equation $ = 0. The actual calculation is somewhat tedious although it is confined to terms of degrees 2fe + l and 2k, The equations of the curves arising for k = l, 2, and 3 are listed with a brief discussion and sketch of that of degree 9, arising for k = 3: The form of the curve is very approximately realized by drawing secant lines through consecutive points of the seven points equally distributed about the unit circle. The figure depicts all the singular elements and real autopolarizing conies.
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